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Abstract

This report has been written by Jeremy Firozaly and supervised by Professor Darryl Holm, who
has also been his instructor in geometric mechanics during two semesters at Imperial College of
London in year 2012-2013. This project is part of the Applied Mathematics MSc of this university.
It aims at introducing the students to the world of research by testing their capacity to work
independently (see the MSc course guide).

First of all, I would really like to thank Professor Holm for having accepted to be my su-
pervisor and proposed me a very interesting project which matches our both interests (in my
French undergraduate studies, I have been specialised in partial differential equations (PDE)). I
would also like to thank him for having believed in me and encouraged me through all the year.
This experience has definitely convinced me to undertake a PhD after my final year at ENSTA
ParisTech engineering school. I would finally like to thank all my professors at Imperial College
for their very interesting courses and especially Dr John Gibbons for the course of integrable systems.

Professor Holm has especially been interested in the family of PDE usually called "the b-equation"
because its qualitative solution behaviour depends on the value of the real parameter b in the
equation. In the case of b = 2, this family of equations provides a completely integrable Lie-Poisson
Hamiltonian description of shallow water waves. In this report, we are first going to study properties
of the "Camassa-Holm" equation (case b = 2), which is very particular. Then we will extend our
analysis to other values of b in the second part of the report.

The present report aims at showing and studying general and remarkable properties of these
parametrised equations which are non linear and non local. Because of these features, we will need
to deal with concepts varying from Cauchy’s integrals (complex analysis) to convolution product,
distribution theory, and differential calculus in infinite dimension.

This report is largely a review of the studies made by Professor Holm and his collaborators, but
it also contains some new results:

-for the case b = 2, we have verified directly in 2.9, that ‖u‖2
H1

0
is conserved.

- for the case b = 1
2 we prove that, thanks to a constant of motion, the solution stays in H2(R)

when the initial condition is in H2(R) and generalised to any value of b a Sobolev-stability result in
subsection 3.5.

- we have studied the stability of equilibria when dealing with travelling waves dynamical systems,
see section 3.7.

- we have stated and shown that for b = 1, the variable m can never become a Dirac distribution,
see section 3.3.

key-words:

-Lagrangian/Hamiltonian;

-steepening lemma;

-wave-train of peakons;

-bifurcation behaviour: exchange of stability.

https://workspace.imperial.ac.uk/mathematics/Public/admissions/pg/msc/AppliedMScCourseGuide2012.pdf
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1 Introduction

1.1 Introducing the b-equation: case b = 2 [2]

We will investigate properties of the following evolutionary partial differential equation (PDE) for a
function u(x, t) : R× R→ R, given by

mt + umx + bmux = 0 where m := u− uxx = (1− ∂2)u (1)

and b is a constant. In (1), subscript x and ∂ indicate the partial derivative with respect to the spatial
coordinate, x ∈ R, at fixed time t ∈ R. The PDE (1) is called the b-equation. It was introduced and
thoroughly studied in [9]. In [9], a number of remarkable properties of this equation were found. For
example, the authors found bifurcation behaviours of the solutions in function of b, that means an
exchange of stability; the form of the stable solutions changes when b evolves.

Remark 1.1. The most well-known example of the b-equation (1) is the case b = 2, which is known as
the non-linear Camassa-Holm (CH) equation, which describes integrable shallow water waves [2]. More
precisely, as described in Chapter 12 of [8], this equation comes from Euler’s fluid equations, and is a
zero-dispersion limit of an asymptotic expansion of those. In this asymptotic expansion, all values of b
are admissible except b = −1 at which the lowest order nonlinearity vanishes, see [6].CH was shown in
class to arise from Hamilton’s principle δS = 0 with S =

∫
`(u) dt and `(u) = 1

2‖u‖
2
H1 = 1

2

∫
(u2+u2x dx),

where ‖u‖2H1 denotes the square of the H1 norm of the wave profile function u.
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1.2 Properties of the b-equation [9]

In terms of the function u the b-equation (1) may be expressed as

ut − uxxt + (b+ 1)uux − uuxxx − buxuxx = 0 . (2)

This non-linear equation has some interesting properties. Namely, the b-equation is:

-Evolutionary (meaning that starting from the initial condition and discretizing the derivative, by
finite-difference method for example, will lead to value of the solution for a further time).

-Autonomous in x and t (they do not explicitly appear front the derivatives in (2) ).

-Translation invariant in x and t, meaning that (x, t) → (x + ct0, t + t0) does not change anything
in the equation. Hence, propagation is allowed, that is when time is evolving, x also evolves with
a constant velocity c. That means, the system has travelling wave solutions: u(x, t) = u(x − ct) as
(x+ ct0)− c(t+ t0) = x− ct and hence, u(x+ ct0, t+ t0) = u(x, t). In this case, it can be transformed
intro an ordinary differential equation (ODE), see subsection 3.7 for more details.

-Parity invariant under reflections in space in which x → −x and u → −u: all the terms in (2) get
an opposite sign when performing the change of variable and therefore the global equation is not modified.

-Time reversal invariant under t→ −t and u→ −u (or u(x, t)→ −u(x,−t)), as in (2), all the terms
remains unchanged because two minus signs emerge for each term.

-Not Galilean invariant, that is when transforming into a moving frame with constant velocity c when
propagating in time, the equation (2) is changed. (t, x, u)→ (t, x− ct, u+ c) or u(x, t)→ u(x− ct, t) + c
makes a extra-term appear on the left-hand side: the b-equation

ut − uxxt + (b+ 1)uux − uuxxx − buxuxx = 0 . (3)

becomes
ut − uqqt + (b+ 1)uuq − uuqqq − buquqq + c∂q((b+ 1)u− uqq) = 0 . (4)

when denoting x− ct as q.

-Derived from a variational principle only for b=2.

-Conserves
∫
R udx (area of u-profile), see 3.13 for a proof.

-Nonlocal because it combines both nonlinearity and convolution over the entire real line. This is clearer
in its hydrodynamic form,

ut + uux = − ∂x
[
K ∗

(
b

2
u2 +

3− b
2

u2x

)]
, (5)

where K∗ represents convolution with the Green’s function K for the Helmholtz operator (1 − ∂2),
so that K ∗m = u. This combination of nonlinearity and nonlocality is responsible for many of its
interesting phenomena. See, e.g., remark 3.7.
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-Scale invariant: Under rescaling of the units of space x→ x/α, time t→ t/τ and velocity u→ (τ/α)u
for some constants (α, β) the b-equation

ut − uxxt + (b+ 1)uux − uuxxx − buxuxx = 0 . (6)

becomes
ut + (b+ 1)uux − α2(uxxt + uuxxx + buxuxx) = 0 . (7)

A part of the b-equation is modified, the last terms comport an α2 coefficient. Hence, the b-equation is
not invariant under changes of variable for length and time. Instead, its solutions contain a fundamental
length scale α, which we shall hereafter set equal to unity α = 1.

The constant length scale α plays a role when we linearise around u = u0, a constant velocity. For
u = u0 + δu with δu an infinitesimal variation, we get when linearizing:

(δu)t + (b+ 1)u0(δu)x − α2(δu)xxt − α2u0(δu)xxx =0

Fourier transforming gives the following dispersion relation (ω is the conjugate of t and, x’s one):

0 = iω − ik(b+ 1)u0 − α2i(−i)2k2ω − α2(−i)3u0k3

0 =
ω

k
− (b+ 1)u0 + α2wk − α2u0k

2

ω

k
(1 + α2k2) = (b+ 1 + α2k2)u0

ω

k
=

(b+ 1 + α2k2)u0
1 + α2k2

ω

k
= u0 +

bu0
1 + α2k2

The singular limit α → 0 in (7) formally removes the higher order derivatives and returns the
Riemann equation when rescaling u→ u

4 :

ut
4

+ (3 + 1)
u

4

ux
4

= 0

The more interesting limit α→∞ in (7) removes the lower order derivatives and produces

uxt +
b− 1

2
u2x + uuxx = 0

after imposing vanishing boundary conditions as |x| → ∞. For b = 3, this equation becomes

∂x(ut + uux) = 0 ,

and another application of the boundary conditions as |x| → ∞ yields the Riemann equation,

ut + uux = 0

In section 2.3.2, we shall show that finite-time blow up of the solution of the b-equation is possible,
when the initial condition has an inflexion point with negative slope. This result will follow from the
differential equation for the slope of the solution at the inflexion point, s : t→ ux(x̄(t), t), where x̄(t)
denotes the position of the inflexion point. This slope equation leads to a result called the steepening
lemma, first proved for b = 2 in [2] and also given in this report.
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1.3 The main results of this work

Our contributions in the present report will be:

1. to establish, show and interpret physically these equations and their solutions when possible.

2. to compare the properties of these equations so as to give a general understanding to the reader.

3. to show some new results for the dynamics and to show some results of PDE’s theory which are
deeply linked with the b-family of equations.

Plan. In the first part of this report we will derive the Camassa-Holm equation, following the method
carried out in the course of geometric mechanics given by Professor Holm at Imperial College of London.
We will also establish remarkable properties in the particular case b = 2, such as a steepening lemma
which establish an explosion in finite time for the slope of a solution under some conditions, or the fact
that this equation admits peakon solutions. Some properties will be generalized in the second part but
some cannot be because the case b = 2 is the only one, with b = 3, which is Hamiltonian. Hence, the
method used to obtain this equation is not generalisable. A complete study of the case b = 3, which is
trickier can be found in [5].

In the second part, we will first state and generalise this steepening lemma to other values of b. We
will then show other interesting properties of the equation for some values of b, as b = 1

2 (smoothness
result); b = 1 (result on dynamics). Especially, we will derive some smoothness results or conservation
laws, valid for all b. Afterwards, we will state and describe a change of stability for the solutions for
varying b. Finally, we will focus on a particular type of solutions: wave-train of peakons and finally
transform the equation (2) into an ODE and study its dynamics and equilibria.
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2 Focus on the Hamitonian case: b = 2

2.1 Hamilton’s principle to get the Camassa-Holm equation [2]

Let’s first define the usual sets we are going to use:

We will denote as L2(R) the set of square integrable real valued functions; H1(R) the subset of L2(R)
corresponding to real valued functions whose spatial derivatives are also in L2(R); H1

0 (R) the subset
of H1(R) composed of functions which vanish at infinity. Let’s denote Diff(R), the Lie group of
diffeomorphisms on R and X(R) the set of the corresponding Lie algebra vector fields.

The goal of this subsection is to establish the Euler-Poincaré differential equation on vector fields for
the H1 norm.

Let’s define g ∈ Diff(R), u = g′g−1 ∈ X(R)
⋂
H1

0 (R) (right invariant vector field) where g’ denotes the
time derivative.

We consider the following Lagrangian:

l(u) =
1

2
||u||2H1 =

1

2

∫
R

(u2 + u2x)dx .

Let’s denote by δ the usual variational derivative and establish our first lemma coming from [8]:

Lemma 2.1. The corresponding momentum m = δl
δu is equal to u− uxx.

Let’s remark that by Schwarz theorem for smooth functions, δux = (δu)x.

Proof.

δl =

∫
R

(uδu+ uxδux)dx

=

∫
R

(uδu+ ux(δu)x)dx

=

∫
R

(u− uxx)δu dx ,

in which the last step follows from integrating by parts with vanishing boundary conditions. This
proves the identity for the H1 norm.

Let’s define v = δgg−1 ∈ X(R)
⋂
H1

0 (R) and

[u, v] = aduv = uvx − vux ,

the Lie bracket for our Lie algebra X(R).

The real valued vector fields form a Lie algebra and hence a smooth manifold (of infinite dimension).
Let’s now define a family of curves u(x(t, ε)) smoothly parametrised by (t, ε) which go from a point a
to a point b on this manifold. We denote δ as the derivative with respect to ε at ε = 0. The variations
in u are assumed to vanish at endpoints in time.

We set x(t, ε) = g(t, ε)x0, so that x′ = g′x0 = (g′g−1)x =: u.x. Similarly, δx = (δgg−1).x = v.x.
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Let’s show a second lemma from [8]:

Lemma 2.2. The following identity holds on X(R): δu− v′ = −[u, v] = −aduv.

Proof.

δu = uxδx = uxv(x)

Similarly, v′ = vxu

Hence, δu− v′ = uxv − vxu = −[u, v] = −aduv ,

obtained by substracting the latter two equations.

We define the action S to be: S =
∫ b
a l(u)dt. L2(R) is known to be a Hilbert space and we denote by

< . , . > its pairing.
We define ad* as the bilinear map such that ∀(w, v, u) ∈ X

(R)3 < w, aduv >=< ad∗uw, v > .

We are now ready to derive the Camassa-Holm equation from Hamilton’s principle, δS = 0.

Theorem 2.3 (Camassa-Holm equation [2]).
The following Euler-Poincaré differential equation holds on the dual of the Lie Algebra of vector
fields on R:

mt + (mu)x +mux = 0

Proof.

0 = δS

= δ

∫ b

a
l(u)dt

=

∫ b

a

〈
δl

δu
, δu

〉
dt

(By lemma (2.2)) =

∫ b

a

〈
δl

δu
, v′ − aduv

〉
dt and by time integration by parts with vanishing endpoints,

(definition of ad) = −
∫ b

a

〈
d

dt

δl

δu
, v

〉
dt+

∫ b

a

〈
δl

δu
, uvx − vux

〉
dt

= −
∫ b

a

〈
d

dt

δl

δu
, v

〉
dt+

∫ b

a

〈
δl

δu
u, vx

〉
dt−

∫ b

a

〈
δl

δu
ux, v

〉
dt

(space I.P for 2nd term) = −
∫ b

a

〈
d

dt

δl

δu
+ (u

δl

δu
)x +

δl

δu
ux, v

〉
dt

0 =

∫ b

a
< mt + (um)x +mux, v > dt

for all v, giving the Camassa-Holm equation in the sense of L2 pairing.
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Remark 2.4. Had we chosen a different Lagrangian, such as H2(R) norm, we would have obtained
an equation of exactly the same form in m, that is (1), but with a different relation between u and
m = δ`/δu, as defined in Lemma 3.1. The more general case produces what is known as the EPDiff
equation, meaning the Euler-Poincaré equation on the diffeomorphisms Diff(R) (smooth invertible maps).

Hamiltonian formulation. We can find a Hamiltonian structure by a Legendre transformation (and
a corresponding Poisson bracket) for this equation by setting for u = K ∗m:

h(m) =

∫
R
mudx− `(u) Hence,

h(m) =
1

2

∫
R
m (1− ∂2)−1 ∗mdx

The Legendre transformation is an involutive transformation on the real-valued convex functions. Here
the Lagrangian is a real-valued convex function on H1

0 (R) (which is convex as a vector space). Indeed,
the norm on H1

0 (R) is a positive convex function thanks to the triangular inequality and the square
function is an increasing and convex function on R+ and by composition (valid in this case as the
square function is increasing on R+), we deduce that the Lagrangian is convex. The Legendre transform
makes the transition between the Lagrangian and the Hamiltonian formulation. The Lagrangian is
defined on the tangent bundle of diffeomorphisms whereas the Hamiltonian is defined on its cotangent
bundle. The inner product used is the L2 pairing, and the details of the Legendre transformation used
here, are given in theorem 2.7.

We can then rewrite (1) as:

mt = −(m∂x + ∂m)
δh

δm
,

with u = δh
δm .

The quantity m is called the momentum map. That is, m = δ`/δu maps the cotangent bundle of the
diffeomorphisms to X∗, the dual of its Lie Algebra. For this system, we will be able to derive a singular
form for this momentum map, that is, it is not a classical function but a Dirac or linear combination of
Dirac distributions. Hence, the corresponding solutions are not necessarily smooth and the derivative
is taken in the sense of distributions. In this case, solutions are said to be weak solutions. These are
the peakons, the convolution between the Green function and this form of m provides travelling waves
solutions.

The Camassa-Holm equation is Hamiltonian and admits wave-train of peakons as solutions. The next
part aims at showing this statement. The precise definition of Poisson bracket and the corresponding
details will be provided in theorem 2.7.
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2.2 A particular Hamiltonian system

The Camassa-Holm has the remarkable property to be Hamiltonian and to admit canonical parameters
pi and qi via its singular momentum map m. To show that, we are going to use the Clebsch approach,
by using a constrained Lagrangian so as to establish the dynamical equations for the canonical variables
and then by performing a Legendre transform.

Let’s denote K, the Green function of the Helmholtz operator (1− ∂2). We know that m = (1− ∂2)u.
Hence, u = K ∗m. The proof is given in (A). We can notice that this formula involves convolution
product on R and then the equation (1) is non-local which is a very important property.

Theorem 2.5 (Peakon solutions of the Camassa-Holm equation [8]).
The Camassa-Holm equation admits wave trains of peakons as solutions,

m(x, t) =
n∑
i=1

pi(t)δ(x− qi(t)) ,

and as u is equal to the spatial convolution u = m ∗K we also have

u(x, t) =
1

2

n∑
j=1

pj(t)e
−|x−qj(t)| ,

provided the parameters qi(t) and pi(t) for i = 1, 2, . . . , n verify the ordinary differential equations
in time on the real line:

q′i(t) =
1

2

n∑
j=1

pj(t)e
−|qi(t)−qj(t)| = u(x, t)|x=qi(t) = u(qi(t), t) ,

p′i(t) = −pi(t)
∂u(x, t)

∂x

∣∣∣∣
x=qi(t)

.
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Proof. We use the Clebsch representation (constrained Lagrangian l and action S) to establish such a
result:

S =

∫ b

a
l(u)dt+

N∑
i=1

∫ b

a
pi(t)

(
q′i(t)− u(qi(t), t)

)
dt

S =

∫ b

a

[
1

2

∫
R

(u2 + u2x)dx

]
+

N∑
i=1

pi(t)(q
′
i(t)− u(qi(t), t)) dt

We then use the fact that the Dirac distribution is the identity for the convolution product so as to
make a spatial integral artificially appear in the second term.

S =

∫ b

a

(∫
R

[
1

2
(u2 + u2x)−

N∑
i=1

pi(t)u(x, t)δ(x− qi(t))
]
dx+

N∑
i=1

pi(t)q
′
i(t)

)
dt

We then apply Hamilton’s principle by taking into account that u is inH1
0 (R) and hence when performing

spatial integration by part in the H1 norm of u, we get no extraterms. We also apply the Leibniz rule,
the chain rule and perform time integration by parts for the last remaining terms. We have denoted m
as u− uxx. We also use the identity for convolution product in the reverse sense:

0 = δS

=

∫ b

a

[ ∫
R

(
m−

N∑
i=1

pi(t)δ(x− qi(t))
)
δu dx

+
N∑
i=1

(
q′i(t)− u(qi(t), t)

)
δpi −

N∑
i=1

(
p′i(t) + pi(t)

∂u(x, t)

∂x

∣∣∣∣
x=qi(t)

)
δqi

]
dt

Vanishing of the coefficients of the variational derivatives yields the result.

Remark 2.6. Let’s give the details for the last term which is a little trickier and focus on the part
pi(t)

∂u(x,t)
∂x |x=qi(t). Remember that δ = d

dε |ε=0 . The following term denoted J appears when applying
the Leibniz rule and taking the variational derivative for the Dirac distribution, using the identity for
convolution product.

J : =
d

dε

∣∣∣∣
ε=0

∫ b

a

∫
R
pi(t)u(x, t)δ(x− (qi(t) + εδqi(t)))dx dt

=
d

dε

∣∣∣∣
ε=0

∫ b

a
pi(t)u(qi(t) + εδqi(t), t) dt (convolution identity)

=

∫ b

a
pi(t)

d

dε

∣∣∣∣
ε=0

u(qi(t) + εδqi(t), t) dt and by the chain rule,

=

∫ b

a
pi(t)

∂u

∂qi

d

dε

∣∣∣∣
ε=0

(qi(t) + εδqi(t)) dt

=

∫ b

a
pi(t)

∂u

∂qi
δqi dt
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Theorem 2.7 (A Hamiltonian system [8]).
The Camassa-Holm equation is Hamiltonian. The Hamiltonian obtained by Legendre transform for
the Lagrangian corresponding to the H1 norm of u is given by:

h(m) =
1

2

N∑
i,j=1

pipjK(qi, qj)

where K is the Green function seen earlier for the Helmholtz operator. The corresponding non
canonical Poisson bracket for smooth real valued functions acting on L2 or time derivative (when
one of the function is the Hamiltonian) is given by:

{f, h} = −
∫
R

δf

δm
(∂xm+m∂x)

δh

δm
dx

=:

〈
m,

[
δf

δm
,
δh

δm

]〉
valid for any right invariant Lagrangian, and where [ · , · ] denotes the adjoint action among the
smooth vector fields in X(R).

The singular momentum Poisson map m produces parameters pi and qi which satisfies canonical
equations on the real line:

q′i(t) =
∂h

∂pi
= u(qi(t), t)

p′i(t) = − ∂h
∂qi

= −pi(t)
∂u(x, t)

∂x

∣∣∣∣
x=qi(t)

Remark 2.8. As we have u = K ∗m, we deduce that:

u(x, t) =

N∑
i=1

pi(t)K(x, qi(t)) (8)

A Poisson bracket is defined as a bilinear, skew-symmetric map that satisfies Leibniz and Jacobi rules.
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Proof. The Hamiltonian is obtained by Legendre transform:

h(m) =< m,u > −l(u) (9)

=

∫
R
mudx− 1

2

∫
R
mudx (10)

=
1

2

∫
R
mudx (recall that u = K ∗m) (11)

=
1

2

∫
R

N∑
i=1

pi(t)δ(x− qi(t))
N∑
j=1

pj(t)K(x, qj(t)) dx (12)

=
1

2

N∑
i,j=1

pipjK(qi, qj) (convolution identity) (13)

We hence compute the partial derivatives of h so as to obtain the canonical equations for dynamics of
pi(t) and qi(t):

∂h

∂pi
=

N∑
j=1

pjK(qi, qj) = u(qi(t), t) with,

∂h

∂pi
= q′i(t) and,

∂h

∂qi
=

N∑
j=1

pipj
∂K

∂qi
(qi, qj)

= pi
∂u

∂qi
with,

∂h

∂qi
= −p′i(t)

From the Legendre transformation, we have δh
δm = u. Indeed, by using δ`

δu = m (see lemma 2.1), and
the Leibniz rule:

δh =< u, δm > + < m, δu > −
〈
δ`

δu
, δu

〉
=< u, δm > +

〈
m− δ`

δu
, δu

〉
Hence,

δh

δm
= u

and,
δh

δu
= m− δ`

δu

The Hamiltonian h is supposed to be independent from velocity u, and this is consistent with the
original definition of the momentum m in terms of the velocity u.
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Then, (1) becomes: mt = −(m∂x(.) + ∂(m.)) δHδm for m being a function of Dirac distribution. Then,
more generally, for f a smooth real valued function on L2 we get for its time derivative in terms of
Poisson bracket:

{f, h} = −
∫
R

δf

δm
(∂xm+m∂x)

δh

δm
dx (14)

=: −
∫
R

δf

δm
ad∗δh

δm

m dx (15)

= −
∫
R
m ad δh

δm

δf

δm
dx (16)

=

〈
m,

[
δf

δm
,
δh

δm

]〉
(17)

This verifies all the properties of a Poisson bracket:

1. in (14) the bilinearity is due to the linearity of the derivative.

2. in (14) the Leibniz rule comes from the Leibniz rule for the derivative.

3. in (14) the skew-symmetry can be shown by spatial integration by parts

4. in (17) the Jacobi identity is verified by the commutator and then by the whole pairing as a linear
functional of this commutator.

As mentioned in theorem 3.1 and remark 3.3, for values of b different from 2, this system still admits
peakons as solutions but does not have this Hamiltonian structure anymore (although the system is still
Hamiltonian with a different Hamiltonian structure for the case b = 3, see [5]). Let’s now have a closer
look to the solutions of this Hamiltonian system by studying their physical meaning and establishing
the steepening lemma.
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2.3 Focus on the formation of soliton solutions, peakons and travelling waves:
steepening lemma

Let’s first introduce some key concepts and definitions that are introduced in [9], [7] and [11].

Thanks to theorem (2.5) and equation (8) we have seen that this system admits peakons (and wave train
of peakons) solutions. Actually, the system admits a particular kind of peakon as solution: the travelling
wave, u(x, t) = ce−|x−ct| (see [9]) whose speed and amplitude are equals and which contains a deriva-
tive jump at its peak. This corresponds to the caseK(x, q(t)) = K(x−ct) where K is our Green function.

The travelling wave is a particular type of soliton. Let’s define precisely what is a soliton. Here is a
definition consistent with the studies performed in [11]:

A soliton is a wave-packet, solitary wave, or pulse which travels at constant speed and which conserves
its shape. Its birth is normally due to a balance between nonlinear effects (steepening) and dispersive
effects. However, the Camassa-Holm equation is not dispersive (see [2]). In this case, the balance is
established by the parameter b = 2 as proved in [2] and [10]. Here is a profile of such a peakon in this
case (this figure is a Maple reproduction of figures found in [10] with the permission of Professor Darryl
Holm):

Figure 1: Peakon profile at t=0 and c normalised to 1, inspired from [9].

Similar profiles can also be found in [4].
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A direct proof of the conservative property for the Camassa-Holm equation is given below:

Theorem 2.9. The Hamiltonian of the Camassa-Holm equation is conserved. More generally, for the
b-equation, we have:

d

dt
||u||2H1 = −(b− 2)

∫
R
u3x dx

Proof. We have:

h(m) =
1

2

d

dt
||u||2H1

Then, proving the previous result will directly give the conservation for the Hamiltonian in the case
b = 2, as its time derivative will vanish.

Remember that we have:

‖u‖2H1 =

∫
R

(u2 + u2x)dx

Then, by making the time derivative go inside the integral and use (2) to replace ut gives:

d

dt
||u||2H1 = 2

[ ∫
R
uut dx+

∫
R
uxuxt dx

]
= 2

[ ∫
R
uuxxt dx− (b+ 1)

∫
R
u2ux dx+

∫
R
u2uxxx dx+ b

∫
R
uuxuxx dx+

∫
R
uxuxt dx

]
Then, we perform a spatial integration by parts for the first term which will vanish with the last one
(no endpoints terms).

d

dt
||u||2H1 = 2

[
− (b+ 1)

∫
R
u2ux dx+

∫
R
u2uxxx dx+ b

∫
R
uuxuxx dx

]
We then integrate by parts the second term (integrate uxxx) which is then equal to the last one (up to
a multiplicative constant):

d

dt
||u||2H1 = 2

[
− (b+ 1)

∫
R
u2ux dx+ (b− 2)

∫
R
uuxuxx dx

]
We then integrate by parts the last term (integrate uxuxx) to get:

d

dt
||u||2H1 = 2

[
− (b+ 1)

∫
R
u2ux dx−

b− 2

2

∫
R
u3x dx

]
It just remains to prove that the first integral, J say, is zero, this is made by a spatial integration by
parts:

J =

∫
R
u(uux) dx

J = −
∫
R
ux
u2

2
dx

J = −I
2

J = 0

Then, we get the identity.
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2.3.1 Preparation for the steepening lemma

We begin by showing two particular properties of the solution: first check that u ∈ H1
0 (R) stays bounded

and then by prove that its slope becomes infinite in finite time; the latter corresponds to the physical
meaning of "nonlinear steepening" and will be proved in what we will call the steepening lemma. We
will then explain why this steepening phenomena is deeply linked with the formation of peakons.

Lemma 2.10. The Sobolev space L2(R) is included in L1
loc(R) which is the set of all real valued

functions which are integrable over all compact subsets of R.

Proof. Let’s take f ∈ L2(R) and W a compact subset of R. We have to show that f ∈ L1
loc(R) that is,

f integrable on W.

We have L2(R) ⊂ L2
loc(R) and then f2 is integrable over W. The constant function 1 is also integrable

over W.

Otherwise, we know that ∀(a, b) ∈ R2, (|a| − |b|)2 ≥ 0 and hence, |ab| ≤ a2+b2

2 .

Therefore, we get: |f | ≤ 1+f2

2 with 1 and f2 integrable over W and then f is integrable on W.

We are now ready to show that u is bounded for all finite time. This is a classical result that can be
found in [1] or [3].

Theorem 2.11 (A classic Sobolev inclusion).
The Sobolev space H1

0 (R) is included in C0(R) ∩ L∞(R). Therefore, as ∀t, u(., t) ∈ H1
0 (R), we then

deduce that u is bounded for all finite time t.

Proof. We consider a fixed time t. Let’s first show that u is continuous over R. Given s ∈ R, as
ux ∈ L2(R) ⊂ L1

loc(R) by the previous lemma, we can write for all y ∈ R:

u(s) = u(y) +

∫ s

y
uxdx

because [y,s] is a compact subset of R.

We shall show the continuity of u at s by sequential characterization.

Given a sequence (sn)n∈N ∈ RN which converges to s. This sequence is therefore bounded, by M say.
We have to show that u(sn) converges to u(s) that is, as y is fixed:

∫ sn
y uxdx→

∫ s
y uxdx when n→ +∞.
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For that we rewrite: ∫ sn

y
ux dx =

∫
R
ux1[y,sn](x) dx

=

∫
R
fn(s, x) dx where,

fn(s, x) = ux1[y,sn](x) and,

1[y,sn](x) =

{
1 if x ∈ [y, sn]

0 if x ∈ R\[y, sn]

When, n → +∞, we have for all x ∈ R : fn(s, x) → f(s, x) = ux1[y,s](x) which is in L1(R) because
ux ∈ L1

loc(R).

The sequence (fn) is uniformly bounded by g : (s, x) 7→ |ux|1[−N,N ](x) where N = max(|y|, |s|, |M |)
which is also in L1(R). Hence, by the dominated convergence theorem of Lebesgue, we can conclude
that:

∫
R fn(s, x) dx→

∫
R f(s, x) dx that is

∫ sn
y uxdx→

∫ s
y uxdx when n→ +∞.

That ends the proof of the continuity.

Now we have to show that u is bounded on R.

We know that u(x)→ 0 when |x| → +∞ because u ∈ H1
0 (R).

Therefore, by definition of convergence, there exist two reals, h and j say, such that: ∀x ≤ h, |u(x)| ≤ 1
and ∀x ≥ j, |u(x)| ≤ 1.

Otherwise, the image of a real compact subset by a continuous real valued map is a real compact
subset. (This can be proved by sequential characterisation or using the Weierstrass property). In finite
dimension, a closed and bounded subset is compact and therefore [h, j] is a real compact subset and
hence so is u([h, j]).

Hence, u is bounded on [h, j], by D say. We can then conclude that u is bounded on R by max(1,D).
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2.3.2 The steepening lemma

We now state and prove the steepening lemma.

For notational convenience, we will introduce a convolution integral with the Green function for the
Helmholtz operator (1− ∂2) to replace for a function f in L2 by its expression under the convolution,

(1− ∂2)e−|x| ∗ f = 2f .

In particular, we have u(x) = 1
2e
−|x| ∗m := 1

2

∫
e−|x−y|m(y) dy.

In deriving the slope dynamics for solutions of the Camassa-Holm equation (2.3), we will use the
following lemma. Remember that from theorem (2.3), knowing that m = u− uxx, and thanks to the
Leibniz rule, we come to the following equation for u:

ut − uxxt + 3uux − uuxxx − 2uxuxx = 0 (18)

(1− ∂2)ut + u(1− ∂2)ux + 2uux − 2uxuxx = 0 (19)

Lemma 2.12. The following identity holds for smooth functions.

u(1− ∂2)ux = (1− ∂2)(uux) +
3

2
(ux

2)x . (20)

Proof.

(1− ∂2)(uux) = uux − ∂2(uux)

(By the Leibniz rule) = uux − u∂2ux − 2uxuxx − uxuxx
= uux − u∂2ux − 3uxuxx

= u(1− ∂2)ux −
3

2
(ux

2)x,

which proves the identity (20).

By using the identity in Lemma 2.12, equation (19) may be written as

(1− ∂2)(ut + uux) = − ∂
(
u2 +

1

2
ux

2

)
(21)

We are now ready to state and prove the steepening lemma.
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Lemma 2.13 (Steepening lemma [2]).
Suppose the initial profile of velocity u(0, x) has an inflection point at x = x to the right of its
maximum, and otherwise it decays to zero in each direction. Assume that the velocity at the inflection
point remains finite. Then, the negative slope at the inflection point will become vertical in finite
time. In this report, the numerical value of α is set to 1.

Proof. Consider the evolution of the slope at the inflection point x = x(t). Define s = ux(x(t), t). Then,
the Camassa-Holm equation (2.3) may be rewritten in hydrodynamic form with the help of equation
(21) and making the spatial derivative going on the left hand side of the convolution product:

ut + uux = − ∂xK ∗
(
u2 +

1

2
α2u2x

)
. (22)

The spatial derivative of this yields an equation for the evolution of s. Namely, using uxx(x(t), t) = 0,
then the property of the Green function K and final the fact that the Dirac distribution is the identity
for convolution product lead to:

ds

dt
+ s2 = − ∂2x(K ∗ p) with p :=

(
u2(x(t), t) +

1

2
α2s2

)
=

1

α2
(1− α2∂2x)K ∗ p− 1

α2
K ∗ p

=
1

α2
p− 1

α2
K ∗ p .

(23)

This calculation implies

ds

dt
= −1

2
s2 − 1

2α

∫ ∞
−∞

e−|x−y|/α
(
u2 +

1

2
α2u2y

)
dy +

1

α2
u2(x(t), t)

≤ −1

2
s2 +

1

α2
u2(x(t), t) , (24)

where we have dropped the negative middle term in the last step. Then, provided u2(x(t), t) remains
finite, say less than a number M

2 (proved in theorem 2.11), we have

ds

dt
≤ −1

2
s2 +

M

2α2
, (25)

which implies, for negative slope initially, that the slope remains negative and becomes vertical in finite
time. Indeed, setting α = 1:

If s(0) < −
√
M then s′(0) < 0 and so M − s2 < 0 for all time. We can then divide by M − s2 and

integrate over a finite time interval [0, t]. Let’s define k = arcoth( s(0)√
M

) .

Finally, we find: s ≤
√
M coth(k + t

√
M
2 ) and s tends to infinity when t tends to −2 k√

M
.
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Remark 2.14. We have finally proved the steepening lemma for the solution of the Camassa-Holm
equation. Hence, a wave breaking phenomena should occur, meaning that the solution u stays bounded
but its slope becomes infinite in finite time. However, surprisingly, numerical simulations show that
as the slope tends to be infinite, the amplitude of the solution goes to zero. As described in [9], the
nonlinearity prevents the formation of a vertical slope and produces peakons instead (it creates a spatial
derivative jump at a travelling wave peak which compensates the inflection points). This wave breaking
phenomena is then never observed. The next figure, which comes from [7] with Dr Darryl Holm’s
permission can illustrate the observed phenomena, that is the decreasing amplitude when the slope tends
to become vertical. This figure is not a numerical simulation but shows the time-evolution of exact
solutions.

Figure 2: Time evolution of two peakons (the most centered is the latest) taken from [7].
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The physical link with the formation of peakons is explicitly stated in chapter 12 of [8] and the following
explanation is extracted from there:

Let’s start with a confined initial velocity distribution which presents an inflection point with negative
slope. Numerical simulations show that the positive velocity profile steepens while leaning to the
right before producing a peakon taller than the initial velocity distribution and then propagates to
the right. Another distribution with an inflection point of negative slope is created by this process
which is therefore self-maintaining. In fact, it self-amplifies as it finally produces wave train of peakons
which are taller and taller when moving to the right (the former ones decrease in the same time as
the area is preserved, see lemma 3.13) . One surprising fact is that this recurrent process only creates
such peakons. Therefore, numerical simulations show that the steepening lemma is responsible for the
formation of these peakons and not for developing verticality.

This steepening lemma is not specific to the b = 2 case of the Camassa-Holm equation and can be
extended to other values of b. However, we will see that not all values of b produce steepening. The
second part will point out the similarities and the differences between equations (2.3) and (1) and will
also study some remarkable properties of the b-equation for some values of b. We will especially see
that the type and stability of solutions (peakons) depend on the values of b and that some bifurcations
are observed.
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3 General study of the b-family of equations

The Camassa-Holm equation has a particular Hamiltonian structure which is specific of b = 2 but
the system still admits peakons solutions for all values of b. This similarity is the point of this first
subsection.

3.1 Peakons

Theorem 3.1 (Peakon solutions of the b-equation [9]).
The b-equation admits wave trains of peakons as solutions,

m(x, t) =

n∑
i=1

pi(t)δ(x− qi(t)) ,

and as u is equal to the spatial convolution u = m ∗K we also have

u(x, t) =
1

2

n∑
j=1

pj(t)e
−|x−qj(t)| ,

provided the parameters qi(t) and pi(t) for i = 1, 2, . . . , n verify the following ordinary differential
equations in time

q′i(t) =
1

2

n∑
j=1

pj(t)e
−|qi(t)−qj(t)| = u(x, t)|x=qi(t) = u(qi(t), t) , (26)

p′i(t) = −(b− 1)pi(t)
∂u(x, t)

∂x

∣∣∣∣
x=qi(t)

. (27)

By the Leibniz rule, we find the following preparatory formulas, upon restricting the solution ansatzes
in the statement of Theorem 3.1 to the case n = 1 for simplicity:

mt = p′(t)δ(x− q(t))− p(t)q′(t)δ′(x− q(t)) ,
mx = p(t)δ′(x− q(t)) ,
ux = p(t)Kx(x, q) .

These formulas will be useful next in the proof of Theorem 3.1.

Proof. Upon contracting the b-equation with a smooth test function, f , we find by substituting the
solution ansatzes and integrating by parts in the sense of distributions that

0 =< f,mt + (um)x + (b− 1)mux >

0 =< f, p′(t)δ(x− q(t))− pq′(t)δ′(x− q(t)) > − < f ′, um > +(b− 1) < f,mux >

0 =< f, (p′ + (b− 1)pux)δ(x− q(t)) > + < f ′, (pq′ − ppK)δ(x− q(t)) >

where the angle brackets < · , · > denote L2 pairing.

Hence, for non-zero p, we have

q′(t) = pK = u(x, t)x=q(t) = u(q(t), t) , (28)

p′(t) = −(b− 1)pux(q(t), t) . (29)
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Theorem 3.2. For b=2 only, we can derive the following Hamiltonian, already obtained in theorem
2.7 :

H(t) = 1
4

∑n
i,j=1 pi(t)pj(t)e

−|qj(t)−qi(t)|

Remark 3.3. The p-equation depends on b and the only case where this equation can be seen as a
canonical equation, an exact derivative, is b=2. Hence, the b-dependence of (29) makes impossible
to generalize such an Hamiltonian structure for the other values of b (for b=3, there is a different
Hamiltonian structure, see [5]); m is not a momentum map anymore but just a solution.

Proof. Suppose we want to find an Hamiltonian, hb say, corresponding to the equations (26) and (27)
which would be its canonical equations:

q′i(t) =
∂hb
∂pi

=

n∑
j=1

pj(t)K(qi(t), qj(t)) (30)

p′i(t) = −∂hb
∂qi

= −(b− 1)pi(t)
∂u(x, t)

∂x

∣∣∣∣
x=qi(t)

= −(b− 1)
N∑
j=1

pipj
∂K

∂qi
(qi, qj) (31)

Integrating (30) gives, up to an additive constant:

hb(m) =
1

2

N∑
i,j=1

pipjK(qi, qj) (32)

We then take the qi derivative of (32) to get:

−∂hb
∂qi

= −
N∑
j=1

pipj
∂K

∂qi
(qi, qj) (33)

The only way for (33) to be consistent with (31), which is a necessary condition to find such an hb is to
take b = 2.

We have proved that peakons are a type of solutions for all values of b, and this independently from
the fact that the system is Hamiltonian or not. We have seen earlier that peakons are stable solutions
for b = 2, that is, are numerically observed; but is it still the case for all values of b?

The answer is no, this is only the case for b > 1, and this will be further discussed in subsection 3.4. As
for the case, b = 2, there is a deep link with the steepening lemma and the tendency for the slope of the
solution to explode in finite time or not. The next subsection aims at showing that such an explosion
for the slope can only be generalised for b > 1.
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3.2 Generalisation of steepening lemma

Lemma 3.4 (Steepening lemma for the b-equation with b > 1 [9]).
Suppose the initial profile of velocity u(0, x) has an inflection point at x = x to the right of its
maximum, and otherwise it decays to zero in each direction. Assume that the velocity at the inflection
point remains finite. Then, the negative slope at the inflection point will become vertical in finite
time, provided b > 1. In this report, the numerical value of α is set to 1.

Remark 3.5. As done previously for the case b=2, by using the identity in Lemma 2.12, the b-equation
(1) may be written as

(1− α2∂2)(ut + uux) = − ∂
(
b

2
u2 +

3− b
2

α2ux
2

)
(34)

Proof. Consider the evolution of the slope at the inflection point x = x(t). Define s = ux(x(t), t). Then,
the b-equation (1) may be rewritten in hydrodynamic form with the help of (34) and making the spatial
derivative going on the left hand side of the convolution product:

ut + uux = − ∂x
[
K ∗

(
b

2
u2 +

3− b
2

α2u2x

)]
. (35)

The spatial derivative of this yields an equation for the evolution of s. Namely, using uxx(x(t), t) = 0
leads to

ds

dt
+ s2 = − ∂2x(K ∗ p) with p :=

(
b

2
u2(x(t), t) +

3− b
2

α2s2
)

=
1

α2
(1− α2∂2x)K ∗ p− 1

α2
K ∗ p

=
1

α2
p− 1

α2
K ∗ p .

(36)

This calculation implies

ds

dt
=

1− b
2

s2 − 1

2α

∫ ∞
−∞

e−|x−y|/α
(
b

2
u2 +

3− b
2

α2u2y

)
dy +

b

2α2
u2(x(t), t)

≤ 1− b
2

s2 +
b

2α2
u2(x(t), t) , (37)

where we have dropped the negative middle term in the last step to obtain a simple inequality which
will enable us to get the result. Indeed, provided u2(x(t), t) remains finite, say less than a number M ,
we have

ds

dt
≤ 1− b

2
s2 +

bM

2α2
, (38)

which implies, for negative slope initially and b > 1, that the slope remains negative and becomes
vertical in finite time as it has been done in lemma 2.13. This proves the steepening lemma for the
b-equation and identifies b = 1 as a special value at which the slope grows only linearly and thus, does
not explode in finite time. Indeed, in that case, the previous inequality becomes:

ds

dt
≤ bM

2α2
, (39)



Jérémy Adric FIROZALY The b-Equation 27

Remark 3.6. When b = 0, (38) just gives that s ≤ 0 when integrating. Also, for 0 < b ≤ 1 s(t) is
upper-bounded by a tangent function which is not a relevant result.

Remark 3.7. Equation (35) is where the mix between non-locality (convolution product) and non-
linearity manifests (in u2 or uux). The presence of the convolution product on the right hand side,
contrary to Burgers equation where the right hand side is zero, enables to avoid non linear shocks in
such a non local way (due to the convolution product on R).

Remark 3.8. It has been shown by numerical simulations in [9], that for b>1, not only the peakons
are still solutions (as for all b) but they are also observed and stable, and this is not the case for
b ≤ 1. This is linked with the fact that the steepening lemma holds for b>1 because remark 2.14 still
holds. This bifurcation observed for b=1 is due to a change of balance between the nonlinearities of
the b-equation as stated in [8].

A further analysis of this change of behaviour and the stability of solutions depending on the values
of b is given in the subsection 3.4. Let’s first prove that for the particular case, b = 1, we can never
observe such peakons. This clearly identifies b = 1 as a special value.
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3.3 Dynamics of mmax(xm(t), t) and change of behaviour for the peakons when b = 1

We define mmax(xm(t), t) as the spatial maximum of the variable m corresponding to the solution with
inflection point, described in the steepening lemma, see 3.4. We will denote this mmax(xm(t), t) as k(t).

Theorem 3.9. mmax(xm(t), t) never explodes in finite time and therefore, no δ functions can be
attained for b = 1.

Proof. We had mt + umx +mux = 0 and for mmax(xm(t), t), we know that the derivative with respect
to x vanishes. So, we get k′(t) = −k(t)ux.

Provided, mmax(xm(t), t) is strictly positive (conjecture due to numerical simulations made in [9]), we
get:

k′(t) ≤ |k′(t)| = k(t)|ux|

and by the steepening lemma 3.4 for b = 1. Remember that in this case, we found that the derivative
of the slope was inferior to a constant (n say) depending on the max of u2 provided it exists. Hence,
the slope (and hence ux) grows linearly in time. Then, up to an additive constant, we get:

k′(t) ≤ nk(t)t .

Hence, as k(t) > 0, we get by dividing by k and integrating,

k(t) ≤ Cent2/2 .

Consequently, for b = 1 the maximum in m grows at most exponentially in t2. This means that no
delta function m-solutions are attained for b = 1.
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3.4 Bifurcation for solution behaviour of the b-equation

This whole subsection is deeply inspired from the study made by Dr Holm and Dr Staley in [10] with
the kind permission of Dr Holm.

Let’s first give some definitions for key concepts:

-Peakon: We remind that a peakon is of the form: u(x, t) = ce−|x−ct| = cK(x−ct) = ce−|q| for q = x−ct,
with a jump in derivative at q = 0.

-Ramp: A ramp is a similarity solution of (1), proportional to x/t.

-Cliff: Cliffs are of the form u(x, t) = c sgn(q)(1− e−|q|) with no jump in derivative at q = 0.

Dr Holm and Dr Staley considered different initial profiles and observed numerically their evolution
with time for changing values of b. They managed to observe exchanges of stability and here are their
general conclusions:

Lefton regime. For b < −1, for any initial data, the solution will move to the left and asymptotically
form leftons, defined as smooth stationary solitary waves moving on the left.

Ramp-cliff regime. For b ∈]− 1; 1[, solutions asymptotically behave like a combination of ramps
with an exponentially-decaying tail, known as cliff. This is illustrated by the figure below for a Gaussian
initial condition:

Figure 3: Ramp/cliff arising from a Gaussian initial condition, taken from [9].
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Peakon regime. As already seen, for b > 1, any initial data turns into a number of peakons for long
time. See the figure below for a Gaussian initial condition:

Figure 4: Evolution of a Gaussian initial velocity for b = 2, taken from [9].

They have numerically shown, that exchanges of stability effectively occur:a ramp/cliff solution, stable
for b ∈]− 1; 1[ turns into a train of peakons for b = 2, and evolves into a train of leftons for b = −2, see
the figures below:
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Figure 5: Exchange of stability between the ramp/cliff and peakons for b = 2, taken from [9].

Figure 6: Exchange of stability between the ramp/cliff and leftons for b = −2, taken from [9].
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Let’s now try to analyse the reasons of those behaviours. For b > 1, we have shown earlier the steepening
lemma 3.4 and theorically, an inflection point with negative slope should develop a vertical slope in
finite time. However, as stated at the end of subsection 2.3.2, the non-linearities prevent the inflexion
point from turning into a vertical slope.

For b ∈]0; 1], ||m
1
b ||L1(R) is preserved (and ||m||L∞(R) for b = 0). This has been proved by Dr Holm and

Dr Staley by writing 1 in the following conservative form when m1/b is well defined:

mt + (m1/bu)x = 0

Hence, taking the time derivative of ||m1/b||L1(R) will give zero as this system contains homogeneous
spatial boundary conditions.

Therefore, in this region, the L
1
b (R) norm of m is controlled, and u is dominated by ramps and cliffs,

similarly to the Burgers equation.

For b ∈ [−1; 0], a similar result has been stated for the L
1
b (R) norm of 1

m .

For b = −1, the steepening term uux in (2) disappears and the dominating non-linearities are of higher
order.

We can therefore conclude that the parameter b has a huge importance in this family of equations as
some changes in stability are observed for changing values of b. The next subsection aims at showing
results of regularity stability according the different values of b.
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3.5 A Sobolev space stability: the case b = 1
2

and a generalisation

The b-family of equations has some remarkable properties, such as the conservation of the initial
Sobolev-regularity of the solution, provided some required conditions.

Let’s first focus on the case, b = 1
2 to illustrate such a property.

Theorem 3.10. Let’s suppose that u0 ∈ H2
0 (R) . Then the time dependent H2 norm of u is

bounded and therefore is its H1 norm.

Proof. The initial momentum m0 is in L2. Indeed, we have:

||m||2L2(R) =

∫
R

(u− uxx)2dx =

∫
R

(u2 + u2xx − 2uuxx)dx (40)

And by integrating by parts the last term, we obtain the inequalities:

||u||2H2(R) ≤ ||m||
2
L2(R) ≤ 2||u||2H2(R) (41)

m0 is then in L2, provided u0 ∈ H2
0 (R).

Otherwise, we have by Leibniz theorem (time derivative inside the space integral):

d

dt
||m||2L2(R) =

∫
R

2mmtdx and by (1), (42)

d

dt
||m||2L2(R) = −2

∫
R
m(bmux + umx)dx (43)

And we integrate by parts the last term (vanishing boundary conditions) which is then the same as the
first one to get:

d

dt
||m||2L2(R) = (1− 2b)

∫
R
uxm

2dx (44)

Then for b = 1
2 , we get that the L2 norm of m is always finite because its time derivative identically

vanishes and the initial momentum is in L2(R). With the previous inequality, we can conclude that u
is always in H2, provided that u0 ∈ H2

0 (R).

Let’s try to obtain a weaker but more general result for any value of b.
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Theorem 3.11. Let’s suppose that u0 ∈ H2
0 (R) . Then u stays in H2

0 (R) for all finite time if and
only if ux is bounded for all finite time, that is in L∞(R).

Proof. Let’s first show that u ∈ H2
0 (R) implies ux bounded.

We know that: ux = Kx ∗m and then, by Cauchy-Schwarz inequality, for all y ∈ R:

|ux(y)| ≤ ||Kx||L2 ||m||L2 =
1

2
||m||L2 and so,

||ux||L∞ ≤
1

2
||m||L2 hence by (41),

||ux||L∞ ≤ ||u||H2

This ends the first part.

Now, let’s suppose that ux is bounded for all finite time t, say ||ux(x, t)||L∞ ≤ p(t), and show that
u ∈ H2

0 (R).

We know, from the previous theorem that:

d

dt
||m||2L2(R) = (1− 2b)

∫
R
uxm

2dx

Hence,

d

dt
||m||2L2(R) ≤

∣∣∣∣ ddt ||m||2L2(R)

∣∣∣∣ ≤ |1− 2b| p(t) ||m||2L2(R)

Hence, we can deduce, if we integrate this for all finite time T as, by assumption, p(t) is finite for all t
in [0, T ] (u0 is in H2

0 (R) and then m0 is in L2(R)):

||m||2L2(R) ≤ ||m0||2L2(R)e
|2b−1|

∫ T
0 p(t)dt

For all finite time T , ||m||2L2(R) remains finite, and therefore is ||u||2H2(R) by (41).

This ends the proof.

Theorem 3.11 has the following immediate corollary.

Corollary 3.12. If the solution of the b-equation develops a vertical slope in finite time, it will no
longer be in the class H2

0 .

In addition to the above properties, this family of equation has the property to conserve some quantities,
such as the area and this is the subject of the next subsection.
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3.6 Conservation laws

We can rewrite (35) as the following conservation law:

ut = − ∂x
(

1

2
u2 +K ∗ (

b

2
u2 +

3− b
2

α2u2x)

)
. (45)

Lemma 3.13 (conservation of area, Holm and Staley: [9]).
The b-equation (1) describes conservation of the quantity A :=

∫
R u dx along dx

dt = u = K ∗m.

Proof.

d

dt
A =

∫
R
ut dx and by 45, (46)

=

∫
R
− ∂x

(
1

2
u2 +K ∗ (

b

2
u2 +

3− b
2

α2u2x)

)
dx (47)

with vanishing endpoints conditions and thus the integral is zero.

In fact, the b-equation can itself be seen as a conservation law:

Lemma 3.14 (Holm and Staley [9]).
The b-equation (1) is equivalent to the conservation of the quantity mdxb along dx

dt = u = K ∗m.

Proof. The proof uses the chain rule and the Leibniz rule.

d

dt
(m(t, x(t))dxb(t)) =

(
mt +mx

dx

dt

)
dxb +mbdxb−1d

(
dx

dt

)
=

(
mt +mx

dx

dt

)
dxb +mbdxb−1du

=

(
mt +mx

dx

dt

)
dxb +mbdxb−1uxdx

= (mt + umx + bmux) dxb

= 0

In one dimension, we have then seen that the conservation of this quantity is directly linked with the
b-equation itself. This will enable us to generalise the b-equation in higher dimension (u is then valued
in Rn with n > 1). We will denote as L the corresponding Lie derivative.

In higher dimension, d
dt(m(t, x(t))dxb(t)) = 0 can be expressed as (∂t + £u)(m.dx ⊗ (dnx)b−1) = 0,

where £u denotes Lie derivative with respect to the vector field u.

Theorem 3.15. The b-equation (1) can be generalised as:

∂tm+ u.∇m+∇uT .m+m(b− 1) div u = 0

in higher dimension.
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Remark 3.16. In one dimension, this gives back our original equation because the gradient is the
x-derivative, so is the divergence, and the inner product is simply the real multiplication.

Proof. ∂t and £u both verify the Leibniz rule, the form dnx does not explictly depend on time, hence
we get:

(∂t + £u)(m.dx⊗ (dnx)b−1) = (∂t + £u)(m.dx)⊗ (dnx)b−1 + (m.dx)⊗ (∂t + £u)(dnx)b−1

and first term gives, by applying the Leibniz and chain rules:

(∂t + £u)(m.dx)⊗ (dnx)b−1 = (∂tm+ u.∇m+∇uT .m).dx⊗ (dnx)b−1

For the second term, we also use the following identity:

£ud
nx = (div u)dnx

To derive the latter, we use the dynamical definition of the Lie derivative, we use the fact that the wedge
product is natural under pull-back, and so is the differential, we then use the Leibniz rule, we commute
the time derivative with the corresponding one-forms thanks to Schwarz theorem, and find back the
components of the velocity u as the Lie derivative (u is a vector field); finally we use the definition of
the differential and the skew-symmetry of the wedge-product to make the term div u appear.

Then, the second term becomes:

(m.dx)⊗ (∂t + £u)(dnx)b−1 = (m.dx)(b− 1)(div u)⊗ (dnx)b−1

Adding the two terms gives:

(∂t + £u)(m.dx⊗ (dnx)b−1) =

[
∂tm+ u.∇m+∇uT .m+m(b− 1)(div u)

]
.dx⊗ (dnx)b−1

Hence, we get the result:

(∂t + £u)(m.dx⊗ (dnx)b−1) = 0 ⇐⇒ ∂tm+ u.∇m+∇uT .m+m(b− 1)(div u) = 0

We have seen, in the introduction, that the system can admit travelling waves as solutions, see subsection
1.2. Let’s now transform it into an ODE, that is, into a dynamical system so as to determine its
equilibria and then study their stability.
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3.7 Travelling waves

We want to study travelling wave solutions of the form:

u(x, t) = g(q) for q = x− ct .

Note that travelling waves of peakons (of the form e−|x−ct| ) are included in this analysis. For travelling
waves, the b-equation written in terms of u in (2) transforms by the chain rule for the corresponding
change of variables into:

0 = −cg′ + cg′′′ + (b+ 1)gg′ − gg′′′ − bg′g′′ or,

g′′′ =
cg′ − (b+ 1)gg′ + bg′g′′

c− g

Let’s define y(q) = (a(q), e(q), d(q)) with a = g, e = a′, d = b′.

Then,

y′(q) = f(y(q)) with,

f(a, e, d) =

(
e, d,

ce− (b+ 1)ae+ bed

c− a

)
.

Let’s find the equilibria and study their stability. The equilibria are of the form y(q) = (a, 0, 0) with a
a constant different from c. To check the stability (depending on the values of a), let’s compute the
Jacobian matrix of f and calculate its determinant in this equilibrium.

We find the following Jacobian matrix:

0 1 0

0 0 1

0 c−(b+1)a
c−a 0


Let’s denote w := c−(b+1)a

c−a . The corresponding eigenvalues are zero,
√
w and −

√
w.

Hence, if w > 0, the equilibria are not stable and if w < 0, they are stable but not asymptotically
stable.

In fact, the value zero is not relevant and we can reduce the order of the system by integrating it and
find a constant of motion.

Indeed, remember that earlier we got:

0 = −cg′ + cg′′′ + (b+ 1)gg′ − gg′′′ − bg′g′′

All the terms are straightforward to integrate, except gg′′′ but we deal with it thanks to the Leibniz
rule for integration by parts:

gg′′′ = (gg′′)′ − g′g′′

Hence we get:
−cg′ + cg′′′ + (b+ 1)gg′ − (gg′′)′ + (1− b)g′g′′ = 0 .
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We obtain the following constant of motion z after integration:

z = −cg + cg′′ +
b+ 1

2
g2 − gg′′ + g′2

2
(1− b) .

Let’s define y(q) = (a(q), e(q)) with a = g, e = a′. Then,

y′(q) = f(y(q)) with,

f(a, e) =

(
e,
z + ca− b+1

2 a2 + b−1
2 e2

c− a

)
.

Let’s find the equilibria and study their stability again. The equilibria are of the form y(q) = (a, 0)
with a a constant different from c. To check the stability (depending on the values of a), let’s compute
the Jacobian matrix of f in this case and calculate its determinant for this equilibrium.

We find the following Jacobian matrix:

(
0 1

t 0

)

with

t := w +
z + ca− b+1

2 a2

(c− a)2
.

The eigenvalues in this case are −
√
t and

√
t.

If t > 0, the equilibrium is unstable, and if t < 0, it is stable but not asymptotically stable.
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4 Conclusion

This paper has reviewed the main features of the b-equation:

1. The Camassa-Holm equation is obtained by a variational principle and is the only one which is
Hamiltonian (with b = 3) (Theorem 2.3 and 2.7).

2. The Camassa-Holm equation and the b-equation hold some common properties for certain or all
values of b: steepening lemma (for b > 1), both admit peakon solutions (stable for b > 1) and can
both conserve the smoothness of the solution under some conditions.

3. Solutions can change their behaviour when b changes, this means we observe numerically bifurcation
and exchange of stability, see 3.4. However, the study the analytic reasons of this bifurcation is
still an open field for research.

In addition, the paper has proven the following new results.

1. For b = 1/2 solutions initially in H2
0 (R) remain in H2

0 (R) (Theorem 3.5).

2. For any value of b, solutions remain in H2
0 (R) if the slope is bounded (Theorem 3.11).

3. Corollary about the tendency for the slope to explode or it (Theorem 3.12).

4. Dynamics of m and then a result about its behaviour for b = 1 (Subsection 3.3).

5. For b = 2, time-conservation of ‖u‖2
H1

0
by direct calculations (Theorem 2.9).

6. Stability of equilibria for dynamical system corresponding to travelling waves (Subsection 3.7).

This MSc research project has been a wonderful experience for me. I would like to thank again Dr Darryl
Holm for having proposed me such an interesting subject and for his continuous help and support. On
several steps, I encountered difficulties, for example, when I discovered that the proof for the steepening
lemma was not analytically generalisable to all values of b or when trying to derive a proof for several
days and finally not being able to conclude properly. Here I discovered to what extent the way to become
researcher can be long and tricky but definitely worthes it. I have had the chance, not only to study with
a very interesting supervisor, but who has also been a psychologic support at some exceptional moments.

This MSc project has enabled me to start developing and to identify abilities which will be necessary in
the research career I would like to pursue:

1. Patience when discovering a new concept that I am not familiar with.

2. Dedication when trying to derive a complex calculus or proof.

3. Humility front of problems, meaning never neglect difficulties or take something as granted before
having studied it in details.

4. Rigour and precision when redacting the report, so as for readers to quickly construct a global
point of view of the study made. Clarity is also a constant thing to bear in mind so as to be
understood by a various audience.
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A Appendix: Green function of Helmholtz operator

We define the Helmholtz operator to be (1− ∂2) in one dimension. We want to find its Green function,
K say, that is the real valued function which verifies, in the sense of distributions the following equation:

(1− ∂2)K = δ

where δ is the Dirac distribution.

We will start from the above equation to find the solution (we will show the unicity) and then will
check that the explicit form of K really verifies the equation in the sense of distributions.

If we find the Green function K then u = K ∗m for m = (1− ∂2)u. Indeed, as the derivative can go on
either side of the convolution product, we get:

K ∗m = K ∗ (1− ∂2)u
= (1− ∂2)K ∗ u
= δ ∗ u
= u (the Dirac is the identity for the convolution product)

Let’s denote x the real spatial variable and s its conjugate for the Fourier transform. To find K, we
take the Fourier transform of the above equation to get Q the Fourier transform of K:

(1− (is)2)Q = 1

Q =
1

1 + s2
Hence, by taking the inverse Fourier transform,

K(x) =
1

2π

∫
R

eixz

1 + z2
dz
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Let’s call f : z 7→ eixz

1+z2
which is a meromorph function in C having two poles in i and -i. To perform the

integral, we can use the residues’ theorem. For x ≥0, let’s consider the closed contour γ = [−R,R]∨CR
where CR is the semi-circle in the upper half-plane of radius R and centered in the origin as shown in
the figure below:

Figure 7: Anti-clockwise contour for x > 0.

Let’s now show Jordan’s lemma, that is: I :=
∫
CR

f(z)dz → 0 when R→ +∞.

Proof. On CR, z = Reia with a ∈ [0, π] and so, dz = iReiada. Therefore,

I =

∫ π

0

eix(Rcosa+iRsina)

1 +R2e2ia
iReiada

|I| ≤
∫ π

0

e−Rxsina

|1 +R2e2ia|
Rda Otherwise,

|1 +R2e2ia| ≥ ||R2e2ia| − |1|| ≥ |R2 − 1|.

Also, as x ≥ 0 and a ∈ [0, π], xsina ≥ 0 and so, e−xsina ≤ 1.

Hence,

0 ≤ |I| ≤ πR

R2 − 1
→ 0 when R→ +∞

And so, I → 0 when R→ +∞.
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By the residues’ theorem, we had:
∫
γ f(z)dz = 2πiRes(f(z), i) and i is a simple pole of f .

Hence, Res(f(z), i) = − ie−x

2 .

By taking the limit when R→ +∞ in the residues’ theorem and thanks to Jordan’s lemma, we get:

K(x) = − ie
−x

2
2πi

1

2π

=
e−x

2

=
e−|x|

2

For x < 0, we close [−R,R] with the symmetric semi-circle in the lower half-plane. The closed contour
is this time oriented in clockwise direction (a minus sign will appear in residues’ theorem):

When x < 0, and a ∈ [−π, 0], we can similarly show Jordan’s lemma for this semi-circle.

Now, in residues’ theorem, we consider Res(f(z),−i) and as −i is a simple pole of f , we have:

Res(f(z),−i) =
i

2
ex

Then,

K(x) = (−2πi)
1

2π

i

2
ex

=
ex

2

=
e−|x|

2

Finally we can deduce that K has the following expression, for all x ∈ R,

K(x) =
e−|x|

2
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Let’s check that when substituting in the initial equation, we find back the Dirac distribution on the
right hand side. For that, let’s compute the derivative of K in the sense of distributions.

As K is continuous on R, its derivative in the sense of distributions coincides with its classical derivative,
that is:

d{K}
dx

= {K}′ = {K ′} =

{
− e−x

2 if x ≥ 0
ex

2 if x < 0

Contrary to K, K ′ is not continuous, hence its derivative in the sense of distributions is given by:

{K}′′ = {K ′′}+ δ(K ′(0+)−K ′(0−)) with,
{K ′′} = {K} and K ′(0+)−K ′(0−) = 1 hence,

(1− ∂2)K = δ

which is the correct identity.
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